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Abstract
In 1968, Cohen presented competition graphs in connection with the study of ecological systems. Recently, Cho, Kim and
Nam introduced a generalization called the m-step competition graph. In this paper, we characterize connected triangle-free
m-step competition graphs on n vertices for mn. The analogous result follows for same-step competition graphs. We also
demonstrate that the path on n vertices is an (n− 1)-step and an (n− 2)-step competition graph. Finally, we resolve a question
of Cho, Kim and Nam on an inequality between 1-step and m-step competition numbers.
© 2004 Elsevier B.V. All rights reserved.
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1. Introduction
In 1968, Cohen [5] introduced the concept of the competition graph in connection with the study of ecological systems. We
begin with a digraph D. From an ecological perspective, D is a food web in which each vertex represents an organism, and each
arc represents a predator–prey relationship. Speciﬁcally, if x and u are vertices (organisms) in D, and u is a prey of x, then D
contains the arc (x, u). If vertices x and y have a common prey, then they are in competition. The competition graph ofD, denoted
C(D), has the same vertex set as D, and there is an edge between vertices x and y in C(D) when x and y are in competition in D.
The competition graph has been well-studied and there have been many variants presented in the literature. For surveys on the
literature of competition graphs, see [8–10,13].
Recently, Cho et al. [3] introduced the m-step competition graph, a generalization of the competition graph. Recall that a
directed walk of length k from a vertex v to a vertex w in a digraph consists of a sequence of vertices
(v0, v1, . . . , vk−1, vk),
where v = v0 and w = vk , such that (vi , vi+1) is an arc in the digraph for each i, 0 i < k; both vertices and arcs may occur
multiple times in a directed walk. Given a digraphD, possibly containing loops, and some positive integerm, we say that a vertex
u is an m-step prey of a vertex x if there is a directed walk of length m from x to u in D. Furthermore, u is an m-step common
prey of vertices x and y if u is an m-step prey of both x and y. The m-step digraph Dm has the same vertex set as D, and (x, u)
is an arc in Dm if u is an m-step prey of x. Then the m-step competition graph of the digraph D, denoted Cm(D), is deﬁned
to be Cm(D) = C(Dm); that is, there is an edge between two vertices x and y in Cm(D) if and only if x and y have an m-step
common prey in D. Note that this does generalize the idea of competition graphs, as C1(D) = C(D). The m-step digraph Dm
has been studied before, and some asymptotic behavior is known [1,6]; furthermore, some researchers have applied the 2-step
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Fig. 1. Digraph D such that Cm(D)= P3 for all m.
competition graph to the study of competition graphs [11,12]. This motivated Cho, Kim and Nam to examine the competition
graph of Dm.
There are two types of questions often asked about the m-step competition graph: Given a class of graphs, are they m-step
competition graphs, and what are their m-step competition numbers? A graph is an m-step competition graph if it is the m-step
competition graph of a digraph (the m-step competition number will be deﬁned in Section 5). Cho et al. [3] proved that a spiked
n-cycle, for n4, is not anm-step competition graph for anym2. (A spiked n-cycle is a connected graph such that the removal
of all pendant vertices yields an n-cycle.) They also proved that for n3, the path on n vertices is a 2-step competition graph.
Throughout the paper, we will let Pn denote the path on n vertices. Note that Pn is easily seen to be a 1-step competition graph
for all n. Also, P1, P2 and P3 are m-step competition graphs for all m; indeed, the m-step competition graph of the digraph given
in Fig. 1 is P3 for all positivem. Cho et al. [3] posed the question: For what values ofm and n is Pn anm-step competition graph?
In Section 2, we show that Pn is anm-step competition graph form=n−1 andm=n−2. In Sections 3 and 4, we resolve a much
more general question formn. Namely, we show that formn, the only connected triangle-free m-step competition graph on
n vertices is the star graph. As a corollary of this theorem, we show that the analogous result holds for same-step competition
graphs, a variant introduced by Ho [7]. Finally, in Section 5, we change our focus to m-step competition numbers to present
a brief, but important, resolution to a question of Cho, Kim and Nam on an inequality between 1-step and m-step competition
numbers.
2. When Pn is an m-step competition graph
Given a digraph D, denote the vertex set of D by V (D) and the arc set of D by A(D). In this section, we demonstrate two
cases in which Pn is an m-step competition graph. Note that it sufﬁces to construct a digraph D such that Cm(D)= Pn.
Theorem 1. For n2, the path Pn is an (n− 1)-step competition graph.
Proof. Let D be the digraph with
V (D)= {v1, v2, . . . , vn}
and
A(D)= {(vi , vi+1) : 1 i < n} ∪ {(vn, v1)} ∪ {(vn−1, v1)}.
Then the (n − 1)-step prey of v1 are v1 and vn, the (n − 1)-step prey of vi are vi−1 and vi , for 2 in − 1, and the only
(n−1)-step prey of vn is vn−1. Therefore, Cn−1(D) contains the edges {vi , vi+1} for 1 i < n, and hence Cn−1(D)=Pn. 
Theorem 2. For n3, the path Pn is an (n− 2)-step competition graph.
Proof. Let D be the digraph with
V (D)= {v1, v2, . . . , vn}
and
A(D)= {(vi , vi+1) : 1 i < n} ∪ {(vn, v1)} ∪ {(vn−1, v1)} ∪ {(vn−2, vn)}.
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Then the (n− 2)-step prey of v1 are vn−1 and vn, the (n− 2)-step prey of v2 are vn and v1, the (n− 2)-step prey of vi are vi−2
and vi−1, for 3 in− 1, and the only (n− 2)-step prey of vn is vn−2. Therefore, Cn−2(D) contains the edges {vi , vi+1} for
1 i < n, and hence Cn−2(D)= Pn. 
3. Preliminaries on connected triangle-free graphs
Recall that the star graph on n+1 vertices is the complete bipartite graphK1,n. We will denote this graph by Sn. Our ultimate
goal, in Section 4, is to prove the following theorem.
Theorem 3. For positive integers mn, the only connected triangle-free m-step competition graph on n vertices is the star
graph Sn−1.
In this section, we present a series of propositions and observations on m-step competition graphs that will aid in our proof of
Theorem 3.
Proposition 4. For all positive integers m and n, the star graph Sn is an m-step competition graph.
Proof. Let D be the digraph with
V (D)= {v1, v2, . . . , vn,w}
and
A(D)= {(vi , vi+1) : 1 i < n} ∪ {(vn, v1)} ∪ {(w, vi) : 1 in}.
Then Cm(D)= Sn for all positive integers m. 
An edge clique cover of a graph G is a collection of cliques (complete induced subgraphs) that include all the edges of G. The
edge clique cover number of G, denoted e(G), is the smallest number of cliques in an edge clique cover of G. The following
proposition uses the edge clique cover number to show that any connected triangle-free m-step competition graph on n vertices
must have n− 1 or n edges. The general statement of this proposition is given as Corollary 3 in [3].
Proposition 5. If G is an m-step competition graph on n vertices, then e(G)n. In particular, a connected triangle-free m-step
competition graph on n vertices has n− 1 or n edges.
Proof. Let G be an m-step competition graph on n vertices, and suppose that D is a digraph such that Cm(D) = G. For each
vertex u in D, let Cu be the collection of vertices with m-step prey u, and letGu be the subgraph of G induced by the vertices in
Cu. Then each Gu is a clique. Since an edge in G between vertices x and y implies that x and y have a common m-step prey in
D, it follows that the n cliques Gu form an edge clique cover of G, and so e(G)n.
Now suppose that G is connected and triangle-free. Being connected, G has at least n− 1 edges. The largest cliques in G are
single edges, so e(G) equals the number of edges of G. Hence G has either n− 1 or n edges. 
We previously mentioned a theorem of Cho, Kim and Nam that a spiked n-cycle is not an m-step competition graph for all
n4 and m2. We will need a special case of this theorem.
Proposition 6 (Cho et al. [3]). For mn4, the cycle on n vertices is not an m-step competition graph.
Given a connected triangle-freem-step competition graph, there are several easy observations we can make about the structure
of the associated digraph.
Proposition 7. Suppose that D is a digraph on n vertices, andG=Cm(D) is a connected triangle-free graph.Then the following
statements hold.
(i) Every vertex in D has an outgoing arc.
(ii) For any positive integer k, every vertex in D has at least one k-step prey.
(iii) No three vertices have a common m-step prey.
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(iv) If G has n edges, there is a one-to-one correspondence between the n pairs of adjacent vertices in G and the n vertices of
D; namely, each vertex in D serves as the m-step common prey for exactly one pair of adjacent vertices in G.
(v) If G has n− 1 edges, there is a one-to-one correspondence between the n− 1 pairs of adjacent vertices in G and n− 1
of the vertices of D; namely, all but one vertex in D serves as the m-step common prey for exactly one pair of adjacent
vertices in G. The remaining vertex of D can either be the m-step prey of no vertices, of any one vertex, or of any two
vertices adjacent in G.
(vi) If G has n edges, every vertex in D has an incoming arc that is not a loop. If G has n− 1 edges, at least n− 1 vertices in
D have an incoming arc that is not a loop.
(vii) No vertex in D has three or more incoming arcs.
Proof. Every vertex is adjacent to another vertex in G and hence must have an m-step prey, so (i) holds. Then (i) implies (ii).
Statements (iii)–(v) follow from G being triangle-free. By (iv) and (v), if G has n edges, every vertex in D is an m-step common
prey, while if G has n− 1 edges, at least n− 1 vertices in D are m-step common prey. Statement (vi) follows. Finally, no vertex
in D has three or more incoming arcs; otherwise, it would be the 1-step prey of three vertices, and by (ii), those three vertices
would have a common m-step prey, contradicting (iii). 
The following proposition is critical in the proof of Theorem 3.
Proposition 8. Let mn3. Suppose D is a digraph on n vertices and G= Cm(D) is a connected triangle-free graph. Then
there exists a vertex w in D and a positive integer k such that every directed walk of length k from w ends at w.
Proof. By Proposition 5, the graph G has n− 1 or n edges. Also, G is not a cycle; if n4, this follows from Proposition 6, and
if n = 3, it follows from G being triangle-free. If G has n edges, choose a pendant vertex x of G. Then x is adjacent to exactly
one other vertex, and by Proposition 7(iv), we know x has exactly one m-step prey in D.
On the other hand, if G has n − 1 edges, then G is a tree. Choose two pendant vertices x and y of G. Then x and y are each
adjacent to exactly one other vertex, and are not adjacent to each other because n3. It follows from Proposition 7(v) that one
of them, say x, has exactly one m-step prey in D.
So in each case, we have found a vertex x inDwith exactly onem-step prey. Let w be them-step prey of x. LetW be a directed
walk of length m from x to w, and write W = (v0, v1, . . . , vm), where v0 = x and vm = w. Since mn and there are m + 1
vertices inW, some vertex occurs multiple times inW. Let vi = vj for some i and j with 0 i < jm. Thus (vi , vi+1, . . . , vj )
is a closed directed walk in D (i.e. the start vertex and terminal vertex are the same).
One directed walk of length m from x is the walk obtained by followingW until vi is reached, and then repeatedly traversing
the cycle (vi , vi+1, . . . , vj ) until a length m walk is obtained. This walk must terminate at w, so w is in the cycle. Let w= vl for
some l with i l < j . Then w= vl = vm appears (at least) twice inW. Let k=m− l. Then every directed walk of length k from
w ends at w; otherwise, x would have some m-step prey not equal to w. 
4. The theorem on connected triangle-free graphs
We begin this section with a deﬁnition and a technical lemma which will allow us to prove Theorem 3.
Deﬁnition 9. Given a digraphD and a positive integer k, deﬁne a k-star set ofD to be a set of distinct vertices x, v0, . . . , vk−1
such that:
(1) Vertex x has no incoming arcs from other vertices (there may be a loop at x).
(2) For 0 i < k, the arc (vi , vi+1) is in D, with indices taken modulo k (if k = 1, this means that there is a loop at v0).
(3) For 0 i < k, the vertex vi has no other outgoing arcs, and the only incoming arc that vi may have is from x.
We say that the digraph D is reduced if D does not contain a k-star set for any positive integer k.
The following lemma shows that in proving Theorem 3, we need not consider reduced digraphs.
Lemma 10. Let mn3. Suppose D is a digraph on n vertices and G = Cm(D) is a connected triangle-free graph. Then
D is not reduced.
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Proof. SupposeD is reduced.We will demonstrate a contradiction. By Proposition 8, there exist a positive integer k and a vertex
w in D such that every directed walk of length k from w ends at w. We may assume that k is the least positive integer so that
every directed walk of length k from w ends at w; note that there is at least one such walk by Proposition 7(ii).
Case 1: The integer k equals 1.
Since k = 1, there is a loop at w. Then w cannot have any other outgoing arcs, because every directed walk of length 1 from
w must end at w. But w must share its m-step prey, w, with another vertex, so w has an incoming arc from a vertex x = w. It
has no more incoming arcs by Proposition 7(vii). Note that x cannot have an incoming arc from a vertex v = x, since then w
would be the m-step prey of the three vertices v, w, and x, contradicting Proposition 7(iii). Thus x and w form a 1-star set of D,
contradicting the fact that D is reduced.
Case 2: There are at least two directed walks of length k from w to w, and k2.
LetW= {W1, . . . ,Wl} be the collection of all directed walks of length k from w to w, and for each i, 1 i l, write
Wi = (vi0, vi1, . . . , vik),
where w = vi0 = vik . Let c be the largest index such that vic is not the same for all walks Wi ∈ W. Note that c exists since
l=|W|2, and necessarily 0<c<k. Choose distinct vertices x and y such that x=vjc = vkc =y for some j = k. By our choice
of c, we know vic+1 is the same for all i; call it z. Then z is the only 1-step prey of x and of y. Since x and y have the same single
1-step prey z, it must be that x and y have identical m-step prey. Thus, in Cm(D), every vertex adjacent to x or to y is adjacent to
both, and x and y share an edge. Since Cm(D) is connected, triangle-free, and has at least 3 vertices, this is a contradiction.
Case 3: There is a unique directed walk of length k from w to w, and k2.
Let the walk be W = (v0, v1, . . . , vk), where w = v0 = vk . Suppose 1 i < k and w = vi . Then every walk of length k − i
from w ends at w, contradicting the minimality of k. Hence w = vi for 1 i < k.
Suppose vi = vj for some i and j with 1 i < j < k. One directed walk of length k from w is the walk obtained by following
W until vi is reached, and then repeatedly traversing the cycle (vi , vi+1, . . . , vj ) until a length k walk is obtained. This walk
must be W, by uniqueness, and terminate at w. This implies w is in the cycle vivi+1 · · · vj , contradicting the observation that
w = vi for 1 i < k. Therefore v0, . . . , vk−1 are distinct.
Also, by uniqueness of the walk, the only outgoing arc from vi is (vi , vi+1), for 0 i < k. Thus each vi has a single m-step
prey, namely vi+m (indices taken modulo k); in particular, the m-step prey of v0, . . . , vk−1 are distinct.
Each vi must share its m-step prey with another vertex, so there must be at least one arc from a vertex x /∈ {v0, . . . , vk−1} to
one of the vi . First, suppose x is the only vertex with an outgoing arc to some vi . If x has no incoming arcs, except possibly a
loop at x, then x, v0, . . . , vk−1 form a k-star set of D, contradicting the fact that D is reduced. So x has a incoming arc from a
vertex y /∈ {x, v0, . . . , vk−1}.
On the other hand, suppose there are two vertices x,w /∈ {v0, . . . , vk−1} with outgoing arcs to vi and vj , respectively. By
Proposition 7(vi), one of x and w has an incoming arc that is not a loop; without loss of generality, let it be x.
Hence in both cases, D contains two vertices x, y /∈ {v0, . . . , vk−1} and arcs (y, x) and (x, vc) for some c with 0c < k.
By Propositions 7(iv) and 7(v), at least one of x and y is an m-step common prey. It follows that there is a directed walk
(w0, w1, . . . , wm−1), where y =wm−2 and x =wm−1. Note that vi = wj for all i and j, since for every i, there is no directed
walk from vi to x = wm−1.
Suppose some wj , with 0<j <m, had two incoming arcs, from vertices z and u. Necessarily z, u /∈ {v0, . . . , vk−1}, since
the only outgoing arc from vi is (vi , vi+1), for 0 i < k. Then x = wm−1 is an (m − j)-step common prey of z and u, and so
vc+j−1 is anm-step common prey of z and u. But vc+j−1 is also them-step prey of vc+j−1−m, contradicting Proposition 7(iii).
So for j = 0, each wj has exactly one incoming arc.
The m − 1 vertices w1, . . . , wm−1 do not include v0 and v1. Since mn and there are only n distinct vertices, we have
wi = wj for some i and j with 0< i < j <m. But since each wi has only one incoming arc, it follows that there is only one
vertex whose m-step prey is x and only one vertex whose m-step prey is y. This contradicts the fact that at least one of x and y is
an m-step common prey. 
Using Lemma 10, we can prove Theorem 3, which states that for positive integers mn, the only connected triangle-free
m-step competition graph on n vertices is the star graph Sn−1.
Proof of Theorem 3. We shall prove a slightly stronger statement: For mn, the only connected triangle-free m-step compe-
tition graph on n vertices is the star graph Sn−1; moreover, if D is a digraph such that Cm(D)= Sn−1 and there is a vertex x in
D with no incoming arcs from vertices other than x itself, then x is a vertex of degree n− 1 in Sn−1 (this vertex is unique unless
n= 2).
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The proof will be by induction on n. If n= 1 or n= 2, then the only connected graph on n vertices is Sn−1, and any vertex x in
Sn−1 has degree n− 1, so the statement holds in the base cases. If n3, assume that the statement holds for all graphs on fewer
than n vertices. Suppose D is a digraph on n vertices andG=Cm(D) is connected and triangle-free. By Lemma 10, the digraph
D is not reduced. HenceD contains a k-star set {x, v0, . . . , vk−1} for some positive integer k. Let E be the digraph obtained from
D by deleting the vertices v0, . . . , vk−1. Let H be the subgraph obtained by deleting the vertices v0, . . . , vk−1 from G.
By the deﬁnition of a k-star set, x is the only vertex with which each vi may share an m-step prey. Therefore, each vi is a
pendant vertex of G adjacent to x. Then H = Cm(E), the graph H is connected, triangle-free, and has n− k vertices, and x has
no incoming arcs in E from vertices other than x itself. By our inductive hypothesis, H = Sn−k−1, and x is a vertex in H of
degree n− k − 1. But v0, . . . , vk−1 were pendant vertices adjacent to x in G, so G must be the star Sn−1, and x is a vertex in G
of degree n− 1. Hence the theorem holds by induction. 
We can use Theorem 3 to prove an analogous result for same-step competition graphs. Same-step competition graphs are a
new variant of competition graphs introduced by Ho [7]. Given a digraph D, the same-step competition graph, denoted CS(D),
has the same vertex set as D, and there is an edge between two vertices x and y in CS(D) if x and y have an m-step common prey
for some m1.
As noted in [7], the same-step competition graph of a digraph can be expressed in terms of the m-step competition graphs. If
G and H are two graphs on the same vertex set, letGunionmultiH denote the graph on the same vertex set as G and H whose edge set is
the union of the edge sets of G and H. It is easy to see that
CS(D)=
∞⊎
m=1
Cm(D).
In fact, if D is a ﬁnite digraph, then there exists K such that
CS(D)=
k⊎
m=1
Cm(D)
for all kK . If CS(D) is a connected triangle-free graph on n vertices, choose k = max(n,K). Then CS(D) = Ck(D), and
by Theorem 3, CS(D)= Sn−1. Note that the construction in Proposition 4 shows that Sn−1 is a same-step competition graph.
Hence we have the following corollary to Theorem 3.
Corollary 11. For every positive integer n, the only connected triangle-free same-step competition graph on n vertices is Sn−1.
5. An inequality for m-step competition numbers
In Sections 2–4, we examined when a graph is or is not an m-step competition graph. The other main focus of m-step
competition graph research is computing the m-step competition number of a graph. This number is deﬁned as follows.
Deﬁnition 12. Given a graph G and a positive integer m, the m-step competition number k(m)(G) of G is the smallest number
k such that G together with k isolated vertices is the m-step competition graph of an acyclic digraph.
For some results on m-step competition numbers, including a short proof of their existence, we refer the reader to
Cho et al. [3]. In particular, Cho, Kim and Nam proved that for any graph G and any positive integer m,
k(1)(G)k(m)(G).
We note that the same method of proof shows that
k(l)(G)k(m)(G)
if l divides m. They asked whether or not k(1)(G)< k(m)(G) for all G and m. Theorem 13 resolves this question positively, and
gives a stronger lower bound for k(m)(G).
Before proving Theorem 13, we must introduce three preliminary deﬁnitions. Let D be an acyclic digraph on n vertices. An
acyclic labeling of the vertex set V (D) is a labeling of V (D) using the set {v1, v2, . . . , vn} so that if (vi , vj ) is in D, then i < j .
The m-step digraph Dm of D is deﬁned as follows: let V (Dm)= V (D), and let the arc (u, v) be in A(Dm) if and only if there
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exists a directed walk of length m from u to v in D. It follows from the deﬁnition that Cm(D)= C(Dm). Finally, let Ik denote
the empty graph on k vertices.
Theorem 13. For any graph G and any positive integer m,
k(G)k(m)(G)−m+ 1.
Proof. Let k = k(m)(G) and n = |V (G)|. Let D be an acyclic digraph such that C(Dm) = Cm(D) = G ∪ Ik , and let
{v1, v2, . . . , vn+k} be an acyclic labeling of D. Note that the vertices vn+k−m+1, vn+k−m+2, . . . , vn+k must be isolated
vertices ofG∪ Ik since none have m-step prey in D. Each arc (vi , vj ) inDm has length at least m, i.e. j i +m. Construct the
digraph E as follows:
V (E)= {v1, . . . , vn+k−m+1}
and
A(E)= {(vi , vj−m+1) : (vi , vj ) ∈ A(Dm)}.
Then E is acyclic, and C(E)=G ∪ Ik−m+1. Hence k(G)k(m)(G)−m+ 1. 
6. Conclusion
We have proved that for positive integers mn, the only connected triangle-free m-step competition graph on n vertices is
Sn−1. We have also shown that for m= n− 1 and m= n− 2, the path Pn is an m-step competition graph. Finally, we resolved
a question of Cho, Kim and Nam on an inequality between the 1-step competition number and m-step competition number of a
graph.
Many open questions on m-step competition graphs remain. For m<n, what connected triangle-free graphs on n vertices are
m-step competition graphs? In particular, is Pn anm-step competition graph for 3mn− 3?What other classes of graphs can
be characterized as being (or not being) m-step competition graphs?
We note that while the straightforward methods of proof used in this paper may sufﬁce to answer these questions, there is at
least one other technique which should be considered; namely, the boolean matrix approach used by Cho et al. [3] to prove their
results on spiked n-cycles and paths.
Ho [7] has given bounds for the m-step competition numbers of Pn, and has computed it exactly in many cases. It would be
interesting to extend these results to ﬁnd the m-step competition number of Pn in general. As mentioned by Cho et al. [3], even
computing the 2-step competition number of an arbitrary tree seems difﬁcult. One good problem might be to characterize the
trees whose m-step competition number is m. When m= 2, such trees are characterized in Cho et al. [2,4].
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